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Abstract 

There has been some recent interest in the study of non-abeiian BPS monopoles 
in the iimit of large magnetic charge. Most investigations have used a magnetic bag 
approximation, in which spherical symmetry is assumed within an abelian description. 
In particular, this approach has been used to suggest the existence of two types of 
magnetic bag, with differing distributions of the zeros of the Higgs field, together with 
multi-layer structures, containing several magnetic bags. This paper is concerned with 
the analogous situation of abelian BPS vortices in the hyperbolic plane, in the limit 
of large magnetic flux. This system has the advantage that explicit exact solutions 
can be obtained and compared with a magnetic bag approximation. Exact BPS vortex 
solutions are presented that are analogous to the two types of magnetic bags predicted 
for BPS monopoles and it is shown that these structures can be combined to produce 
exact multi-layer solutions. 
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1 Introduction 



The concept of a magnetic bag was first introduced by Bolognesi [T] in the context of 
vortices in the abehan Higgs model in the Euchdean plane, where it is an approximation 
to a vortex solution with a large magnetic fiux. In the simplest case the magnetic bag has 
circular symmetry and the approximation assumes that inside the bag the magnetic field is 
constant and the Higgs field vanishes, whereas outside the bag the magnetic field vanishes 
and the Higgs field takes its vacuum expectation value. Neither the magnetic field nor the 
Higgs field are continuous at the surface of the bag, but the surface contribution to the energy 
can be neglected because it is subleading in the limit of a large vortex number ^ 1. A 
comparison with numerical solutions of circularly symmetric vortices provides support for 
the validity of this approximation [2]. Magnetic bags are particularly interesting in the BPS 
limit of critically coupled vortices, where it is expected that the shape of the bag can be 
varied because of the existence of the 2 A^- dimensional moduli space of BPS vortex solutions. 

Bolognesi [3] extended the magnetic bag idea to monopoles in non-abelian Yang-Mills- 
Higgs theories in three-dimensional Euclidean space, where they describe configurations with 
large magnetic charge. Again the most interesting situation is the BPS limit, in this case 
associated with a massless Higgs field. In this context the approximation assumes that inside 
the bag both the Higgs field and the magnetic field vanish, whereas outside the bag the fields 
are taken to be abelian, consisting of a magnetic field and a scalar field that represents the 
magnitude of the non-abelian Higgs field. These abelian fields satisfy the abelianized version 
of the Bogomolny equation. The simplest situation is to assume that the bag is spherically 
symmetric, though again it is expected that the shape of the bag can be varied because of 
the 4 A^- dimensional moduli space associated with an A^-monopole solution. 

The magnetic bag description has been applied to several different aspects of monopoles 
and used to predict a number of interesting phenomena. Lee and Weinberg [1] have proposed 
that there are a range of magnetic bags, all of which have approximate spherical symmetry, 
but are distinguished by the distribution of the zeros of the Higgs field associated with the 
exact monopole solution. In particular, they propose that there is an extreme case, in which 
all the Higgs zeros are coincident at the centre of the bag, and a second extreme case in which 
the Higgs zeros are distinct and (almost all) are located near the surface of the bag. Manton 
[5] has investigated the properties of multi-layer structures, created by patching together 
nested sequences of magnetic bags, and Harland [6J has shown how magnetic bags may be 
described using a large A^ limit of the Nahm transform. The magnetic bag approximation 
has also proved useful in the study of monopoles in Anti-de Sitter spacetime [7], where it 
compares well with numerical solutions [8] even for rather small values of A^. 

The purpose of the present paper is to investigate some of the above issues in a system 
where exact explicit solutions are available for comparison with the magnetic bag approx- 
imation. The chosen system is the abelian Higgs model in the hyperbolic plane and its 
associated BPS vortices. In particular, solutions with large magnetic fiux are studied that 
include analogues of the two extreme types of magnetic bags predicted for BPS monopoles 
and it is shown that these structures can be combined to produce exact multi-layer solutions. 
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2 Hyperbolic vortices 



This section contains a brief review of BPS vortices in the hyperbohc plane. A more 
detailed discussion of this material can be found in chapter 7 of [9]. 

The system of interest is the abelian Higgs model, with complex scalar Higgs field and 
real gauge potential a,. The theory is defined on the hyperbolic plane 'h? of curvature — |, 
with metric 



ds^ = n{dx^ + dy"^), where n = — (2.1) 



_8_ 

— 

and {x,y) are coordinates in the Poincare disc model of 'h?, with + < 1. The energy of 
the model is given by the standard Ginzburg-Landau energy at critical coupling 

E = j^^ {]f-'B' + i + ^(1 - l^n^) d'x, (2.2) 

where B = dia2 — d2ai is the magnetic field and Di(f) = dicj) — iaicj) the covariant derivative 
of the Higgs field. The vacuum expectation value of the Higgs field has been set to unity for 
convenience. 

The magnetic flux through the hyperbolic plane is quantized, 



Bd^x = 27iN, (2.3) 



where the integer N is the vortex number and is equal to the winding number of the phase 
of the Higgs field on the circle at infinity. is the first Chern number of the gauge field and 
it is also equal to the number of zeros of the Higgs field, counted with multiplicity. Without 
loss of generality, the vortex number N will be taken to be positive in this paper. 

A standard Bogomolny argument yields the energy bound E > irN, with equality attained 
by the BPS vortex solutions that solve the first order Bogomolny equations 

Di0 + iL'20 = O, and 5 = ^(1 - l^p). (2.4) 

As first observed by Witten [IQ\, these Bogomolny equations are integrable for a particular 
value of the curvature of the hyperbolic plane (— | in the conventions of this paper, hence 
its adoption from the outset). 

Explicitly, the general A^-vortex solution can be obtained in closed form by introducing 
the complex coordinate z = x + iy, in the unit disc, and setting 

and = -i— log — , (2.5) 



l-\f\ydz dz "vi-i/i 

where f{z) is a rational map of the form 

N 
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with complex constants all inside the unit disc < 1. The gauge freedom can be used 
to write any iV-vortex solution in this form. 

The complex parameters Pi provide coordinates for the iV- vortex moduli space A^at, 
which has real dimension 2N. These parameters determine the positions of the N vortices, 
which are given by the points in the unit disc where ^ vanishes, since it follows from (12. 5p 
that (j) is zero at these points. In general, the relation between the solution parameters Pi 
and the vortex positions is only known implicitly, since the relation requires knowledge of 
the zeros of the derivative of f{z). 

The simplest example of an A^-vortex solution represents coincident vortices at the 
origin and is given by the map / = z^~^^, corresponding to the choice Pi = \fi. This solution 
has circular symmetry, since under an arbitrary spatial rotation through an angle Xy given 
by 2; (— )■ ze*^, the map transforms as / t— )■ Je*^^"*"^-'-*^, and a change in the phase of / is simply 
a gauge transformation. In particular, the modulus of the Higgs field depends only on the 
distance from the origin and is given by 



{N + l)\z\ 




\z\ 


\2N _|_ 


\z\ 




_... + ! 



(2.7) 



3 Vortices as magnetic bags 

A magnetic bag description of hyperbolic vortices in the large limit can be obtained by 
making the approximation that the Higgs field vanishes identically throughout some region 
TZ C "H^, with area A. In this region the Bogomolny equations (12.41) then imply that B = Q/2, 
that is, there is a constant magnetic flux per unit area. Outside the region TZ the Higgs field 
is taken to have its vacuum value |0| = 1, and the Bogomolny equations then determine 
that i? = in this region of space. If the gauge is chosen so that (p is real outside TZ then 
0=1 and the energy density vanishes identically in this region. Generally the gauge in 
which is real is not a good one since an A^-vortex configuration has the phase of winding 
A^ times on the circle at infinity, so a gauge in which is real must be singular. However, 
it is assumed that the singularities occur inside the region TZ, or on its boundary dTZ, where 
this approximation for the Higgs field does not apply. 

In this magnetic bag approximation the Higgs field and the magnetic field are not con- 
tinuous on the boundary dTZ, but neglecting the boundary contribution to the energy, which 
should be a reasonable approximation in the large A^ limit, the energy (12. 2p becomes 

E= [ -n£x = ^A. (3.1) 
^4 4 

Within this approximation the vortex number is given by 

N= — [ Bd'^x = — [ n£x=—A (3.2) 

271 Jt^ 471 Jt^ 471 

and combining these two expressions yields the BPS energy formula E = 71N. 
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The validity of this magnetic bag approximation can be tested in the simple case of 
a circular bag by comparing with the exact A^- vortex solution f l2.7p . The Poincare disc 
coordinate z is not very convenient for analysing vortices in the large limit, because its 
modulus has a finite range. Therefore a coordinate transformation is first made by writing 
z = e*^ tanh(r/2^/^) so that the metric on the hyperbolic plane becomes 

,2/ 



ds' = dr' + 2 sinh'(r/V2) de\ (3.3) 

where the radius r G [0, oo) is the geodesic distance to the origin. In terms of this coordinate, 
the circular solution (12. 7p becomes 

Ul 2(iV + l)(eV^--l)^ 

Z^j=0 { 2j+l ) ^ 

In particular, the 1-vortex takes the simple kink form |0| = tanh(r/-\/2)- 
The vortex number of a circular magnetic bag of radius r = i? is given by 

= = cosh(i?/y2) - 1, (3.5) 

4:71 

SO in the large limit, and neglecting terms that decay with A^, the expression for the radius 
is 

R= V2\og{2N). (3.6) 

In Figured] the solid curves represent the exact solution (13.41) with A^ = 10^, 10^, 10^, 10^ 
(curves move to the right with increasing A^). The dashed vertical lines correspond to the 
associated magnetic bag radius (13. 6p . revealing a reasonable approximation to the size of the 
vortex. However, the surface of the bag is assumed to have zero thickness, when in fact it is 
determined by the Higgs mass and has a finite value that is independent of A^. Therefore a 
better approximation is to assume the same thickness as in the exact 1-vortex solution and 
take the continuous function 

101 =tanh((r-i?o)/y2)e(r-i?o), (3.7) 

where is the Heaviside step function and Rq is a parameter that may be viewed as the 
radius of the magnetic bag with a finite thickness. The relation between the radius Rq, and 
the vortex number A^ is determined by substituting the expression (13. 7p into the formula 

Neglecting terms that tend to zero as A^ — )■ oo, this formula may be written as 

R, = R-V2log(^f^y (3.9) 
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Figure 1: The modulus of the Higgs field |(/)| as a function of the radius r, for circularly 
symmetric vortices with vortex numbers = 10^, 10^, 10^, 10* (curves move to the right 
with increasing A^). Solid curves represent the exact solution (13.41) . Vertical dashed lines 
denote the value of the bag radius R given by (13. 6p . Dashed curves correspond to the 
improved magnetic bag approximation (13. 7p . 



which confirms that Rq differs from the naive radius R only by a term that is 0(1), associ- 
ated with the finite thickness of the magnetic bag surface. The dashed curves in Figure [1] 
correspond to the improved magnetic bag approximation (13.71) with the radius given by (13. 9p . 
It is clear that this yields an excellent approximation to the exact A^-vortex solution. 

The kink that appears as the large boundary bag profile is the hyperbolic vortex 
analogue of the monopole wall [llj. Its form can be obtainedj by making a connection to the 
work of Manton and Rink [12j on a single vortex on a hyperbolic trumpet. Identify the angle 
9 with its shift by 2it/N, to give a hyperbolic cone containing a single vortex. Introduce the 
angle on the cone Xi = which has period 27r, and make a change of variable from r to X2 
by writing r = R — -\/21ogX2, where R is given by (13. 6p . In terms of the coordinates Xi, X2 
the metric (13.30 becomes 

ds^ = l^{dxl + dxl), (3.10) 

where the large A^ limit has been used to replace the hyperbolic function in (13. 3p by its 
exponential approximation for large argument. The metric (I3.10p is the upper half plane 
model of hyperbolic space, but as xi is periodic this surface is a hyperbolic trumpet. The 

thank Nick Manton for this observation 
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vortex on this surface has been obtained in [12] and yields |0| = X2I sinhx2- Converting back 
to the radial variable r the boundary bag profile is 

sinh(e(«-'-)/^) ~ sinh(2iVe-'^/^) ' ' 

which has a novel double exponential form. 

Although the boundary bag profile fl3.1ip has been derived in the large limit, it provides 
an excellent approximation to the exact A^-vortex solution (13 ■4p even for reasonably small 
values of A^. This is demonstrated in Figure El where sohd curves represent the exact solution 
and dashed curves the boundary bag profile for A^ = 10, 20, 30, 40, 50. 




Figure 2: The modulus of the Higgs field |0| as a function of the radius r, for circularly 
symmetric vortices with vortex numbers A^ = 10, 20, 30, 40, 50 (curves move to the right with 
increasing A^). Solid curves represent the exact solution (13 ■4p and dashed curves correspond 
to the boundary bag profile (13.111) . 

Previous studies of magnetic bags, for both vortices and monopoles, have often used 
length units that scale with the bag radius, so that the bag position remains fixed as A^ 
increases, to facilitate the comparison of bags with different values of A^. Applied to the 
current situation an appropriate scaled radial variable is r/i?, in terms of which the Higgs 
field of the exact A^- vortex solution approaches the magnetic bag step function in the large 
A^ limit, because of the logarithmic growth of R with A^ and the finite thickness of the bag. 
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4 Deforming the magnetic bag 



Magnetic bags assume that the Higgs field vanishes identically in a large region of space, 
but for a finite number of either monopoles or vortices there are only a finite number of 
points in space where the Higgs field is zero. In the case of monopoles, Lee and Weinberg [1] 
have proposed that there are two extreme types of magnetic bag, characterized by different 
distributions of the Higgs zeros. Both types of magnetic bags are approximately spherical, 
even though mult i- monopoles with exact spherical symmetry do not exist in the SU (2) Yang- 
Mills-Higgs gauge theory. In the first type of magnetic bag, termed a non-abelian bag in 
[1], the Higgs zeros are coincident at the centre of the bag. The hyperbolic vortex analogue 
of this magnetic bag is clearly the circularly symmetric solution discussed in the previous 
section, where all N zeros of the Higgs field are located at the origin. The term non-abelian 
is not appropriate in the vortex context, so this type of solution will be referred to as a 
core magnetic bag, to denote that the zeros of the Higgs field lie deep within the core of the 
vortex. In the second type of magnetic bag, called an abelian bag in the monopole context 
[4], the zeros of the Higgs field are distinct and most are located near the surface of the bag. 
The idea is that the zeros of the Higgs field may be viewed as moduli for the magnetic bag 
and varying the Higgs zeros inside the bag has little impact on the surface of the bag, but 
does change the bags character, and in particular the nature of the fields inside the bag. The 
evidence in support of this view [4J consists of an analysis of the topological features of the 
Higgs zeros, together with an extrapolation based on explicit knowledge of the Higgs zeros 
for some low charge monopoles with Platonic symmetry. 

In this section an analysis will be presented of exact BPS vortex solutions that have 
approximate circular symmetry and are obtained as deformations of core magnetic bags, in 
which the Higgs zeros move out from the centre towards the surface of the bag. This provides 
an explicit realization for hyperbolic vortices of the predicted behaviour for monopoles and 
yields vortex analogues of both abelian and non-abelian monopole magnetic bags. 

Consider the exact BPS A^-vortex solution generated from the function 



using the formula (12. 5p . Here a G [0,1) is a real parameter that controls the separation 
of the Higgs zeros. If a = then this solution reverts to the circularly symmetric solution 
of the previous section, that is, a core magnetic bag with N coincident Higgs zeros at the 
origin. If a > then the solution has a cyclic symmetry and the zeros of the Higgs 
field are given hy z = pe^'^*^/^, where k = 0,1, . . . , N — 1 and p G (0, 1) is the real root of 
the equation 



In addition to determining the separation of the Higgs zeros, the parameter a also controls 
the nature of the Higgs field in the core of the bag, since at the origin {z = 0) the formula 
(12. 5 p gives that \(f)\ = a. If a ~ then the Higgs zeros are close to coincidence and the 




(4.2) 
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solution is only a small perturbation of the core magnetic bag. To obtain a bag in which 
the Higgs zeros are close to the surface of the bag requires the opposite limit, that is a ~ 1. 
However, this regime also includes a range of a for which the solution fl4.1l) describes 
well-separated single vortices located on the vertices of a regular A^-gon and this is not a 
magnetic bag. 

To determine an appropriate range of a it is useful to exchange a for the magnetic bag 
deformation parameter p G [0, oo) defined by 

a = 1 - N-P. (4.3) 

If p = then the circularly symmetric solution is recovered, so the core magnetic bag is 
undeformed. Now consider the case p > 0, so that a — )■ 1 as — )■ cxd. The crucial issue is 
whether the Higgs zeros remain inside the magnetic bag as p is increased from zero. Recall 
that the relation between \z\ and the radial coordinate r is given by \z\ = tanh(r/2^/^) ^ 
1 — 2e~^^^, in the large N limit. The circle associated with the surface of the bag has a 
radius r = R = A/21og(2A^) and corresponds to a value of \z\ = given by = 1 — 
which means that p{^ — ?■ 1/e as — )■ oo. The important point about this result is that as 
A^ — )■ oo then has a non-zero limit that is stricty less than one. This is the property 
required by p, the solution of equation (14. 2p . to make sure that the Cn symmetric solution 
does not describe A^ well-separated vortices. 

Note that if there are A^ equally spaced vortices on a circle with a radius equal to that of 
the corresponding bag r = R, then the distance between neighbouring vortices is 0(1), which 
is the same order as the thickness of the bag surface. Although the vortices are not well- 
separated in this regime, they are dilute, in the sense that a circularly symmetric magnetic 
bag approximation is only valid as an averaged description, since there is a large angular 
variation in |0|. This will be demonstrated below by considering the angular average 

(101) = :^ r\<l>\de (4.4) 
2vr Jo 

function of the radius r. 
Substituting the form (14.31) into the root equation (14.21) gives 

p27v _ + N^-P)p^ + 1 = 0, (4.5) 

so clearly the critical value is p = 1. For p = a core magnetic bag is obtained and as p — 1 
the dilute regime emerges. The bag deformation parameter p G [0,1] describes the transition 
between these two extreme regimes. 

To illustrate this behaviour. Figure [3] displays |0| for a solution with vortex number 
A^ = 10^ and increasing values of the bag deformation parameter p from to 1. The plotted 
region corresponds to —1.2R < X,Y < 1.2R, where X,Y are the Cartesian coordinates 
given hj X + iY = re*^, and R = \/2\og{2N) is the bag radius. These plots confirm the 
expected behaviour, with little variation of the surface of the bag, until the dilute regime is 
obtained, but a significant change in the character of the field in the interior of the bag, as 
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p=0.0 p = 0.1 p = 0.5 p=1.0 



Figure 3: The modulus of the Higgs field, |0|, for a vortex solution with = 10^ and 
increasing bag parameter p = 0.0, 0.1, 0.5, 1.0. 



it changes from a region of unbroken symmetry to a region of broken symmetry where the 
Higgs field attains its vacuum expectation value. 

In Figure m the angular average (14. 4p is plotted as a function of the radius r for the four 
solutions displayed in Figure [3l Recall that the modulus of the Higgs field at the origin 
increases with p since it is given by |0| = 1 — N~'p. It is clear from these graphs that the 
surface of the bag is virtually identical for the first three values p = 0.0, 0.1, 0.5, even though 
the interior of the bag changes dramatically. For p = 0.1 and p = 0.5 the minimum value 
of the angular average is close to zero and is attained near the surface of the bag. For 
this range of p there are angular directions along which the Higgs field exactly vanishes at a 
radius near to the surface of the bag, so the fact that the angular average is also close to zero 
confirms the approximate circular symmetry of the solution that arises when the vortices 
are in a dense regime. However, in the dilute regime p = 1.0 the angular average does not 
deviate far from the vacuum expectation value, despite the fact that there are still angular 
directions along which the Higgs field exactly vanishes at a radius near to the surface of the 
bag. In this sense the solution is far from being circularly symmetric and there is a large 
angular variation of the fields. In this dilute regime it is clear that any attempted magnetic 
bag approximation can only be valid in terms of a description of angularly averaged fields. 



5 Multi-layer magnetic bags 

Manton [5] has applied a generalization of the magnetic bag approximation to study 
monopoles with a multi-layer structure, consisting of a sequence of magnetic bags with in- 
creasing magnetic charges. Multi-layer magnetic bags for hyperbolic vortices can be obtained 
as exact BPS solutions by taking f{z) to have the obvious product form 

/('2) = ^TT r — • (5-1) 
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Figure 4: The angular average of the modulus of the Higgs field, (| 01), as a function of the ra- 
dius r, for a vortex solution with = 10^ and increasing bag parameter p = 0.0, 0.1, 0.5, 1.0. 



For appropriate values of A^^- and pj, with j = 1, . . . , M, this solution describes a multi-layer 
configuration with M layers. Only the innermost layer can be a core magnetic bag, because 
the zeros of the Higgs field must be at the origin in this case. If two layers are core magnetic 
bags, say pk = Pk+i = 0, then clearly the two layers degenerate to a single core magnetic bag 
with vortex number + iVfc+i- 

As illustration, |0| is displayed in FigureOfor a two-layer solution with Ni = 10^, pi = 
and N2 = 10^, P2 = 0.3. The two-layer structure is clearly visible in this plot, as is the 
behaviour of the Higgs field, which is close to zero in each bag but returns to approximately 
its vacuum expectation value between the layers. Also plotted in Figure [5] is the angular 
average as a function of the radius r, displaying transitions between regions where the 
Higgs field is close to zero and regions where it is close to its vacuum expectation value. 

The angular average confirms that this type of solution has approximate circular sym- 
metry and can therefore be well-approximated by a multi-layer magnetic bag description 
that assumes this symmetry. The appropriate form of this type of multi-layer magnetic bag 
description is clearly a set of concentric non-overlapping annuli, inside which the Higgs field 
is assumed to vanish and outside which it is taken to have its vacuum expectation value. 
Within this approximation, the vortex number in each layer is equal to the area of the an- 
nulus divided by Air. Obviously, the vortex number is higher in layers that are further out 
and, in particular, to have equally spaced layers requires an exponential growth of the vor- 
tex number. The innermost annulus can degenerate to a disc, to describe a core magnetic 
bag at the centre, but this is the only annulus that is allowed to degenerate because of the 
non-overlapping requirement. 

The description presented above for hyperbolic vortices contrasts with the behaviour of 
the Higgs field predicted in [5] for multi-layer monopoles using the magnetic bag approxima- 
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Figure 5: A two-layer solution in which the inner layer has vortex number A'^i = 10^ with 
bag parameter pi = and the outer layer has vortex number N2 = 10^ with bag parameter 
P2 = 0.3. The left-hand image displays the modulus of the Higgs field |0|. The right-hand 
plot is the angular average as a function of the radius r. 



tion. In the monopole case, the modulus of the assumed abelianized Higgs field is not close 
to zero in each layer but rather approaches an effective vacuum expectation value determined 
by the magnetic charges and radii of the multi-layer system. Given the above discussion, it 
is clear that this description can only apply to the angular average of the Higgs field in a 
dilute regime. Indeed the description in [S] is of multi-layers consisting of dilute spherical 
clusters of large numbers of monopoles. This is consistent with the analysis in |3] , where it 
is observed that monopoles located at the bag surface (which has radius 0{N)) have an 
inter- monopole separation that is 0{\/N). 

To produce a hyperbolic vortex analogue of the kind of multi-layer structure envisaged 
for monopoles, requires moving to the dilute regime, with bag deformation parameters closer 
to unity than zero. An example is presented in Figure O for a three-layer solution where 
the vortex numbers are A^i = 10^, N2 = 10^, N3 = 10^ and the bag parameters are given 
by pi = 1.0, p2 = 0.9, = 0.8. The dilute nature of the layers is clearly visible in this plot 
and contrasts with the dense regime displayed previously in Figure [51 The vortex numbers 
and bag parameters have been chosen so that the layers are close together and produce a 
large region where the angular average of the modulus of Higgs field is reasonably constant 
but at a value that is only about half of the Higgs expectation value. A plot of the angular 
average as a function of the radius is included in Figure |6]to demonstrate this feature. 

To provide a magnetic bag description of a dilute solution requires working with av- 
erage values, as follows. Consider a region with area A and let ip"^ be the average value 
of throughout this region. The appropriate magnetic bag approximation is to assume 
that 101 takes its vacuum expectation value outside this region and to average the second 
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Figure 6: A three-layer solution in which the inner layer has vortex number A^i = 10^ with 
bag parameter pi = 1.0, the middle layer has N2 = 10^ with p2 = 0.9 and the outer layer 
has N3 = 10^ with = 0.8. The left-hand image displays the modulus of the Higgs field |0|. 
The right-hand plot is the angular average as a function of the radius r. 



Bogomolny equation (12. 4 p inside the region to provide the approximate vortex number as 
= ^(1 — (f'^)/{4:7r). This formula shows that the previous dense magnetic bag approxima- 
tion, which corresponds to the choice <y9^ = 0, yields minimal area for fixed vortex number. 
This mimics the interpretation of the non-abelian monopole magnetic bag as the most com- 
pact arrangement of monopoles. 

The two examples displayed in Figure [5] and Figure [6] are simply representative solutions 
that highlight the type of behaviour that arises. The solution presented in Figure |6] does not 
contain a core magnetic bag at its interior, but this could be added by including an additional 
layer with a vanishing bag parameter. Indeed it should be clear that there are many possible 
variations on multi-layer magnetic bags that may or may not have core magnetic bags at their 
centre and can include combinations of both dense and dilute layers. In the continuum limit 
this allows the construction of hyperbolic vortex analogues of Manton's monopole planets 
and galaxies [5]. 

6 Conclusion 

Exact BPS vortex solutions of the abelian Higgs model in the hyperbolic plane have been 
used to provide an explicit realization of magnetic bags. This has allowed an investiga- 
tion of some of their properties and associated phenomena predicted in the context of BPS 
monopoles, including different extreme types of bags and multi-layer bags. 

Witten's ansatz [lOJ provides a direct mapping between the solutions considered in this 
paper and SU{2) Yang- Mills instantons in four- dimensional Euclidean space with an 5*0(3) 
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rotational symmetry. The instanton number is identified with the vortex number A^, so 
magnetic bags for vortices map to instantons with a large instanton number ^ 1. It 
might be interesting to follow through the details of this correspondence and in particular 
to see how these instantons are described within a large N limit of the ADHM construction 
[13] , in a manner similar to the recent study [6] of the large N limit of the Nahm transform 
and its relation to monopole magnetic bags. 
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